Introducing the eect of extinction into the so-called replicator equations in mathematical biology, we construct a general model where the diversity of species, i.e. the dimension of the equation, is a time-dependent variable.
INTRODUCTION
Mathematical biological models of evolution [1{6] have been a recent object of study in relation to complex systems [7] in which the techniques of statistical physics play a powerful role. In particular, the problem of the extinction of species in ecosystem [8] has been discussed within the framework of physics [2{4,9] . On the other hand, the mechanism of mass extinction has been a classical and controversial problem studied by a number of researchers in paleontology [10{12] and evolutional biology [13] . The conclusions based on the results of these studies can be divided into two categories, one emphasizing exogenous shocks (bad lucks) [10,14{16] and the other, endogenous causes (bad genes) [4, 17] . By combining both views, a mathematical model of mass extinction has been proposed [18] , which is highly phenomenological. In this paper, we do not only combine the views of the bad luck eect and the bad gene eect in extinction but also construct a model of mass extinction starting from a traditional mathematical biological equation which describes the dynamics of populations of interacting species.
This model reects the former view (the bad luck eect), e.g., the situation where several biotas which have been separated from each other for a long time are suddenly integrated into a larger ecological network by some exogenous shock (biotic fusion) [19, 20] . (One example of this kind of large-scale extinction caused by such biotic fusion can be seen in a comparison of the number of families of land mammals in North America and South America before, during, and after the formation of the Panama land bridge between the two continents in the Pleistocene epoch about two million years ago [21] .) We assume that the interaction coecients for this newly produced ecosystem can be written in the form of a random matrix [22{24] . Meanwhile, following the latter view (the bad gene eect), we adopt the concept of an extinction threshold, which we newly introduce into the replicator equations [1] of the population dynamics. We refer to these large dimensional replicator equations with random interspecies interactions and the extinction threshold as extinction dynamics.
The extensive numerical simulations show that behavior of the extinction dynamics is quite dierent from the behavior by the original replicator equations without a extinction threshold. First, the nature of phase space of the extinction dynamics is claried, which can be characterized by a small number of parameters. That is to say, distribution of basin size of each attractor is characterized by a power law. Moreover, the dependence of the results on the parameters suggests that the original replicator equations without the extinction threshold should also follow the same law. Therefore, extinction dynamics can be a powerful tool for investigating the complex behavior of the original replicator equations because extinction dynamics has rather simple attractors, while the original replicator equations often have complex attractors like chaos or heteroclinic cycles. We also nd several signicant features that characterize mass extinction. Dening the diversity as the number of existing species, we rst nd that nal value of this quantity is largely independent of its initial value. Second, we nd that mass extinction does not occur immediately after an environmental change, but begins after a number of induction time [25] . Dependence of this time development of the diversity, the extinction curve, on the parameters is extensively studied. Time evolution of other important variables are also studied, which are average tness and distribution of the interspecies interaction coecients.
MODEL Replicator equations with random interspecies interactions
First, let us consider the following ordinary dierential equation called the replicator equations (RE) [1] ,
The replicator equations have become a well-established model in many elds [1] , including sociobiology, studies of the prebiotic evolution of macromolecules, mathematical ecology, population genetics, game theory, and even economics. In particular, N I dimensional RE is equivalent to the N I 0 1 dimensional general Lotka-Volterra equation [1] , the analysis of which is one of the main subjects of mathematical biology. The variable x i denotes population density of species i. N I denotes the initial number of species, that is, the initial value of diversity. The (i;j)-th element of the matrix A = (a ij ) determines the eect of species j on the change rate of species i. Here we use a ii = 01 for intraspecies interaction coecients, and we assign the interspecies interaction coecients a ij (i 6 = j) as time-independent Gaussian random numbers with mean 0 and variance v. In general, this random asymmetric interaction matrix drives this system into a non-equilibrium state.
The assumptions we make for these asymmetric random interactions are based on the hypothesis that a biotic fusion reorganizes species relationships in a random fashion [20] . This kind of ecosystem with random interaction can be produced, for example, by a reduction in a habitat area, which paleontologists have asserted to be a trigger for mass extinction [12] . Because the reduction in a habitat area may conne many biologically isolated species to a narrow area, it drives them into competition and, eventually, brings biotic fusion. In this sense, a large-scale biotic fusion of many biotas can occur as well as a fusion of two biotas [20] . Moreover, even a biotic fusion of only two biotas (as the formation of the Panama land bridge) may change the interaction a ij even if both i-th and j-th species belong in a same biota, and the two-biota fusion may yield a random a ij because, for example, the biotic fusion may changes the preference of predation for each species (e.g. i-th species in North America may prefer k-th spieces in South America than j-th species in North America).
Here we note that, for example for marine animals, the biotic fusion can take place not only by decline of sea level which causes habitat area reduction, but also by increase of the sea level which causes connection of sea areas separated from each other for a long time. Therefore, the biotic fusion hypothesis here can be an explanation for the question why a number of mass extinction take place by both the decline or the increase of the sea level. One of the purposes of the present study is to show that any large-scale biotic fusion and any subsequent random interspecies interactions may play a role in the bad luck eect for mass extinction.
Several pioneering studies of such a random interaction model have been carried out using the theory of random systems. However, these studies have dealt with limited cases such as the local stability condition for a linear version of RE [23] , the replica variational theory for RE with symmetric random interactions which ensures equilibrium states [2] , and the dynamic mean eld theory for noise-driven RE with asymmetric interactions [3] only in the parameter region where the asymmetry is weak and the system is ensured to approach a xed point. On the other hand, the global behavior of RE with fully asymmetric random interaction is hardly treated analytically, because the equations are highly nonlinear and the dynamics often show not only convergence to a xed point, but also complex behavior such as heteroclinic orbits [26, 27] or chaos [28, 29] , even at low dimension (N I 4).
It is useful to transform the variable x i (t) to y i (t) log(x i (t)) and to deal with the replicator equations in the form of dierence equations by the simple Euler method as
where 1t is a small constant for the discretization and is used as the unit of time in the following simulations and gures. f i (t) and f (t) denote tness of i-th species and average tness over all species, respectively. The transformation is eective in particular for numerical calculations because some of x i (t)'s often takes very small value which may cause underow. Hereafter, we use the equations (3) -(5) in the numerical calculations.
The extinction dynamics
We should note here that extinction is not well-dened in the RE model with large N I and random interactions because such a model generally has heteroclinic orbits. When as heteroclinic orbit approaches a saddle where some species are extinct, the population densities exponentially approach zero. However, they never actually reach zero because the orbit is bound in the interior of the simplex (2). In the vicinity of the saddle, the values for these population densities are too small to cause underow by naive numerical calculation. Nevertheless, some of these populations eventually begin to revive, causing the orbit to leave for another saddle. This transition among saddles continues cyclically or chaotically. The exponential approach of population to zero and its revival to the order O(1) play a signicant role in heteroclinic orbits. However, in the real world such a small population density cannot be sustained. In this sense, heteroclinic orbits have never been believed to be biologically signicant.
Considering the above problem, we introduce the parameter to the dynamics (1)-(2) to represent the extinction threshold : at each discrete time step, the population density x k (= exp (y k )) is set to zero if this quantity becomes less than . The population densities of the surviving species fx i g (i 6 = k) are then renormalized to satisfy P i6 =k x i = 1. This renormalization implies that the niche of an extinct species is divided among the survivors. The diversity decreases through the above process, and we denote its value by N . The introduction of is also nothing but a nite size eect on RE, because coincides with a minimum unit of reproduction for each species, and its reciprocal 1= corresponds to the permissible population size of an ecosystem.
It must be noted here that the present model belongs to a class of systems for which the dimension is a time-dependent variable. Although this time-dependence is inevitable not only in population dynamics [30, 31] but in many other elds, such a highly non linear model has never been systematically analyzed.
Whenever there is a given set of parameters A, and an initial diversity N I N (t = 0), the initial state fx i (0)g evolves until a steady state is achieved. Extinction never occurs in this steady state, and there remains a stable subecosystem with a comparatively small number of surviving species (core species) N F ( N I ). Although almost all orbits converge to an equilibrium point in this state, we also nd periodic orbits. Chaotic orbits are very rare. Heteroclinic orbits are never achieved because the existence of the nite prohibits any orbit from approaching a saddle. Such stability is always achieved by any nite . This is a new type of destruction of a high dimensional attractor, which is, in general, called crises in the theory of chaos [32] . Therefore, let us refer to this kind of dynamics as extinction dynamics (ED). By a series of extensive numerical simulations, we investigate the novel features of ED, especially the dependence of ED on three parameters: N I , v, and .
From the point of view of random system theory, it is important to observe typical behavior for ED by executing random average of quantities over samples of a random matrix A. Hereafter, we will in general write this average as h:::i A .
RESULTS

The basin-size distribution
The rst results of this paper concern the basin-size distribution for ED with a large number of basins of attraction. Here, we identify each`attractor' only by the composition of core species, not by its trajectory. In other words, even if several isolated attractors coexist in a system of core species, we do not discriminate between these attractors and we regard them to be in one basin of`attraction'. The reason for this is that in ED such coexistence is rare, and this classication of basins of attraction also agrees with the classication of subecosystems created by ED.
In order to obtain the basin-size distribution, we (a) iterate ED starting from a sucient number of random initial states in a system with the same parameters and the same random matrix A, (b) count basin size S j as the number of initial states which converge to j-th `attractor', and (c) make a rank-size distribution S(n) by sorting fS j g's, where the natural number n denotes the rank of each basin and can reach the total number M of`attractors' found in the simulation. For example, an attractor with rank n = 1 indicates that it has the largest basin size S(1) while another attractor with rank M means that it has the smallest basin size S(M ). Therefore, in general, the rank-size distribution S(n) is a non-increasing function of n. Moreover, the above process is iterated for a sucient number of random matrices A with the same v, and we nally obtain a basin-size distribution hS(n)i A for a parameter set. hS(n)i A 's for various parameter sets are shown in Fig. 1 .
It is clear that the basin-size distribution hS(n)i A characteristically follows a power law. Moreover, each exponent of the power depends only on N I , not on nor v. This exclusive dependence on N I can be understood intuitively because the number of combinations of core species (the number of`attractors') depends only on N I . Therefore, a larger N I provides a larger number of ' attractors' and hence, a smaller exponent. On the other hand, the independence of strongly suggests that the basin-size distribution of the original RE (ED in the limit ! 0) also follows the power law. This conjecture is relevant to the hierarchical coexistence of innitely many attractors in RE [33] . The power law of rank-size relationship with exponent near unity is often referred to as Zipf's law [34] in linguistics and other diverse elds [35] .
The Extinction curves Figure 2 shows the second result of this paper: average diversity as a function of time, hN(t)i A (the extinction curve). Two signicant characteristics can be observed from this gure. The rst is that the average nal diversity hN F i A is independent on N I . This result implies that no matter how large the diversity of initial species, the average diversity of species in the nal state is small by comparison. That is N F N I . In other words, when a large random ecosystem emerges as a result of a biotic fusion, a mass extinction of size' N I 0 hN F i A will occurs. Secondly, the avalanche of mass extinction begins after some induction time [25] t I , and ends in each case at nearly the same time t R 10 3 ( t I ). As N I becomes larger, t I also becomes larger and approaches t R . Therefore, for a suciently large N I , the extinction curve shows a sharp drop at t I . Such an abrupt mass extinction occurring on a short time scale is highly relevant to the notion of punctuated equilibria [36] .
The induction time and the abrupt drop in diversity at a large N I is explained by the small rate of change for each x i at t = 0, and a faster than exponential decay of x i for extinct species. At time t = 0, the absolute value of the tness f i (0) P N I j =1 a ij x j (0) (the rst term in the parentheses of r.h.s. of the equation (1) ) for each species i is of estimated order O( q v=N I ) by a simple calculation. The absolute value of the average tness f (0) P N I i=1 f i (0)x i (0) (the second term in the parentheses) has the same order. Therefore, as N I becomes larger, the absolute value of the change rate f i 0 f at t = 0 becomes smaller in proportion to 1= p N I , which makes the induction time larger because a smaller change rate makes populations change more slowly. However, the rapid decay eventually drives populations into extinction around the induction time. Therefore, almost all species, except for core species, are expected to become extinct synchronously in the limit of large N I .
It should also be noted here not only that the average diversity hN F i A of a core species is independent of N I but also that the distribution P (N F ) of N F itself does not depend on N I , as shown in Fig. 3 . Figure 4 concerns variation of extinction curves with v. As v becomes larger, the induction time t I becomes shorter (Fig. 4a) , and hN F i A becomes smaller (Fig. 4b) . Consequently, when the order of the interspecies interaction coecients becomes large compared with the absolute value of the intraspecies ones (fa ii = 01g), the avalanche of mass extinction begins earlier, and a smaller diversity of species survives. The extinction curves for several values of are also shown in Fig. 5 . It should be noted that the nal diversity hN F i A is independent from . This means that no matter small , extinctions are inevitable in ED. This inevitability is consistent with the fact that no extinction occurs in RE without the extinction threshold ( = 0). In fact, the simulation and the analytical estimation equally show t I 0 log(), and t I diverges to innity in the limit ! 0, that is, no extinction occurs in nite time. From gures 2, 4 and 5, we can conclude that hN F i A depends only on v, but not on N I nor , which is in contrast with the parameter dependence of hS(n)i A only on N I .
The average tness and the nature of the shrink matrix
Here we discuss the time development of average tness f through extinction dynamics, as depicted in Fig. 6 . It should be noted that the average tness takes on positive values, except during the short period at the beginning. This recalls us that the average tness is non-decreasing function if the interaction matrix is ensured to be symmetric as in the equation of selection in population genetics. The nal value for the average tness f 0:4 is higher than what would be expected for a randomly generated ecosystem with the same diversity(N F 8). Thus, more stable ecosystems are self-organized by ED. We also observe that h f (t)i A does not show a monotonic increase and reaches a maximum value at a time near t I . This in general suggests that the average tness shoots up in response to the avalanche of extinction of low-tness species around the induction time and settles down to a nal value via competition among core species.
The time development for the distribution of elements of interaction matrices via extinction dynamics is depicted in Fig. 7 . The average of a ij shifts to a positive value, which means that the interaction matrix of the subecosystem becomes cooperative via extinction dynamics. This also contributes to an increase of average tness. It should be noted that the distribution continuously holds its gauss distribution shape. Therefore, the interspecies interaction coecients of core species are still random, and various types of relationship among core species are realized by ED. The time development of ha ij i A is also shown in Fig. 8 .
DISCUSSION
In this paper, we have ignored any eects of immigrants or invaders, which increase the diversity, and we have focused on global biotic fusion where no species ever come from the outside. Moreover, we did not consider any mutants, because the avalanche of mass extinction occurs so quickly that no signicant evolution of mutants can occur. By neglecting these eects, the nature of extinction on a rather short time scale was exclusively claried. However, by introducing the eect of increasing diversity (the process of speciation) [37] , we can study the nature of ED on a much larger time scale. In fact, an analysis of the interesting problem of whether ED shows self-organized criticality [4, 9] is in progress. The distribution was obtained using 1000 samples of random matrices A (1000 runs of extinction dynamics). 
